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ABSTRACT
Finsler metrics with relatively non-negative (non-positive, respectively), constant and isotropic
stretch curvatures are investigated in this paper. In particular, it is proved that every non-Riemannian
(α, β)-metric with a nonzero constant flag curvature and a non-zero relatively isotropic stretch cur-
vature over a manifold of dimension n ≥ 3 is of a characteristic scalar constant over the Finsler
geodesics. It is also shown that every compact Finsler manifold with a relatively non-negative (non-
positive, respectively) stretch curvature is a Landsbergmetric. Finsler manifolds with 2-dimensional
relative stretch curvature are also investigated.
Keywords Stretch Curvature, Relative Stretch Curvature, Flag Curvature, (α, β)-Metric, Randers Metric
1 Introduction
In Finsler geometry, there are many non-Riemannian quantities. These include Cartan torsion C, Berwald curvature
B, the Landsberg curvature L, mean Landsberg curvature J , stretch curvature Σ and so on. Investigating these non-
Riemannian quantities, all of which are equal to zero in Riemannian geometry, introduces us to the nature of Finsler
geometry.
A Finsler metric F on a smooth manifold M is said to be a Bervald metric if its Berwald curvature is equal to zero.
Or, in other words, the Gi coefficients of the spray defined onM , i.e.,
G(x, y) = yi
∂
∂xi
− 2Gi
∂
∂yi
,
are squared. That is, there are scalar functions Γijk(x) such that
∂2Gi
∂yi∂yj
= Γijk(x). Another family of Finsler
metrics that includes the Berwall metric is the Landsberg metric. This family is Finsler metrics with Landsberg
curvature tensor equal to zero. The Landsberg tensor Ly for every y ∈ TxM0 is equal to the rate of Cartan tensor
changes along geodesics. Assuming {ei} is an orthonormal basis of space (TxM, gy), then Jy :=
∑n
i=1 Ly(ei, ei, ·)
is called the mean Landsberg curvature. Fisnsler metric F is said to be weak Landsberg if J = 0 [10].
Browald introduced the notion of the stretch Curvature as a generalization of the Landsberg curvature [3]. He revealed
that the stretch curvature Σ is equal to zero if and only if the length of a vector under parallel transmission on an
infinitesimal parallelogram remains constant. Matsomoto then introduced this curvature as Σijkl := 2(Lijk|l −Lijl|k)
[6]. Clearly, every Landsberg metric has a zero-stretch curvature. Also, every metric with a zero stretch curvature is
a metric with a relatively isotropic non-positive or non-negative stretch curvature, but the opposite is not necessarily
true. Therefore, it is important to consider the circumstances in which the opposite is true. In this paper, we are going
to study the Finsler metrics with relative stretch curvature (relatively non-negative or non-positive, or constant) and
prove the following theorems.
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Theorem 1.1. a compact Finsler manifold with a relatively non-negative (non-positive, respectively) stretch curvature
is Landsbergian. Also, a complete Finsler manifold with a relatively constant stretch curve and a bounded Landberg
curvature is Landsbergian.
Theorem 1.2. Each non-Riemannian (α, β)-metric with the non-zero constant flag curvature and the non-zero relative
stretch curvature over a manifold of dimension n ≥ 3 is of scalar constant characteristic on the Finsler geodesics.
Theorem 1.3. SupposeF is a 2-dimensional metric with relatively isotropic stretch curvature c. ThenF is Riemannian
if and only if its principal scalar satisfies
2µ′ + 2µ2F − cµF 6= 0,
in which, I is the principal scalar of F , µ := I−1I|1, and µ
′ = µ|sy
s is the covariant derivative µ along an arbitrary
geodesic.
Suppose M is a n-dimensional manifold C∞, TxM represents a tangent space to M at point x ∈ M , TM =
∪x∈MTxM is a tangent bundle over the manifold M , and TM0 = TM \ {0} is a punctured tangent bundles. A
Finsler metric overM is a function F : TM → [0,+∞) that has the following properties
1. F is a C∞ mapping over TM0.
2. F has positive homogeneity of degree 1 over the tangent bundle fibers.
3. For every y ∈ TxM , the form of gy defined as following is definite positive
gy(u, v) =
1
2
d2
dt2
[F 2(y + su+ tv)]s,t=0, u, v ∈ TxM.
Let Fx := F|TxM for x ∈M . To measure the non-Euclidean of Fx, Cartan tensor Cy : TxM ⊗ TxM ⊗ TxM → R is
defined as follows
Cy(u, v, w) =
1
2
d
dt
[gy+tw(u, v)]t=0, u, v, w ∈ TxM.
The family C := {Cy}y∈TM0 is called Carton torsion. F is a Riemannian metric if and only if C = 0. For the
vector y ∈ TxM , the mean Cartan torsion Iy : TxM → R is defined as Iy = Ii(y)dxi where Ii := gijCijk and
gij = (gij)
−1.
Let (M,F ) be a Finsler manifold of dimension n ≥ 3. Then F is an analytic semi C-metric whose Cartan tensor is as
follows:
Cljm =
p
(n+ 1)
(Ilhjm + Ijhlm + Imhjl) +
q
‖I‖2
IlIjIm,
where p := p(x, y) and q = q(x, y) are scalar functions over TM with condition p + q = 1, ‖I‖2 := IkIk and
hij := gij − F
−2yiyj is angular metric [8].
The quantity p is called the characteristic scalar of the metricM . If p = 1, then F is called C-analytic.
Theorem 1.4 ([8]). Every non-Riemannian (α, β)-metric over a manifold of dimension n ≥ 3 is a C-semi-analytic
metric.
The first person to introduce the concept of connection for Finsler metrics was Berwald [3]. After his valuable work,
several connections were introduced in various ways, the most famous being Chern, Cartan and Berwald connection.
See [10] for further discussion.
The following statements are used in the computational process of this article.
Theorem 1.5 ([5]). SupposeM is an oriented manifold with the volume form ω and ∇ is a torsion-free connection
where ∇ω = 0. Then, for every vector fieldX overM , y ∈ TxM with x ∈M , we have
(divX)x = − trace(Y → ∇YX) = ∇iX
i.
Theorem 1.6 ([5]). SupposeM is a compact, oriented manifold with a volume element ω. Then, for every vector field
X overM , we have ∫
M
(divX)ω = 0.
This Theorem is not true for non-compact manifolds, but for the vector field X with compact support is hold.
Suppose (M,F ) is a n-dimensional Finsler curvature. Also suppose that∇ is a Berwald connection and {ei}ni=1 is an
orthonormal basis field (relative to g) for the return bundle π⋆TM , such that en = l, and l is the focal cut l = y/F .
Consider {ωi}ni=1 as dual basis fields and put
∇ei = ω
j
i ⊗ ej ,
2
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where, {ωji } are the forms of connection∇ with respect to {ei}
n
i=1 . It is easy to see that {ω
i, ωn+i} is a local basis
for T ⋆(TM0) where,
ωn+i = ωin + d(logF )δ
i
n.
2.form {Ωji} over TM0 is stated as follows
Ωji =
1
2
Rijklω
k ∧ ωl +Bijklω
k ∧ ωn+l.
Let {e¯i, e˙i}ni=1 be a local basis for and the dual basis {ω
i, ωn+i} is related to T ⋆(TM0). The above mentioned R and
B are called hh-curvature and hv-curvature, respectively [10].
Using the Berwald connection, one can define the covariant derivative of functions over TM0. For example, if f is a
scalar function, then f|i and f.i are defined as follows
df = f|iω
i + f.iω
n+i
where ”|” and ”.” are the symbol of h-covariant derivative (horizontal derivative) and v-covariant derivative (vertical
derivative) with respect to the Berwald connection F , respectively.
Lemma 1.7 ([10]). The following Bianchi identities are hold for the Berwald connection
Rijkl.m = B
i
jml|k −B
i
jmk|l,
Bijkl.m = B
i
jkm.l.
The horizontal derivative of Carton torsion along the geodesics defines the Landsberg curvature as follows.
Ly : TxM ⊗ TxM ⊗ TxM → R
Ly(u, v, w) = Lijk(y)u
ivjwk,
where, Lijk = Cijk|sys, u = ui
∂
∂xi
|x, v = vi
∂
∂xi
|x and also w = wi
∂
∂xi
|x. Family L := {Ly}y∈TM0 called the
Landsberg curvature. A Finsler metric is called Landsberg if L = 0.
The following equations are easily illustrated by using the properties of 2-forms of Berwald connection curvature [10]:
gij|k = −2Lijk, gij.k = 2Cijk.
Also it can also be concluded
Lijk = −
1
2
ysgsmB
m
ijk.
After introducing the notion of stretch curvature as a generalization of the Landsberg curvature by Berwald, Matsomoto
introduced its form as follows:
Σ : TxM ⊗ TxM ⊗ TxM ⊗ TxM → R
Σy(u, v, w, z) = Σijkl(y)u
ivjwkzl
where Σijkl := 2(Lijk|l−Lijl|k). A Finsler metric is said to be a stretch metric if Σ = 0. A Finsler metric F over the
manifoldM is said to be of a relative stretch curvature (with ratio c) if
Σijkl := cF (Cijk|l − Cijl|k),
where c = c(x, y). The stretch curvature F is said to be relatively nonnegative (non-positive, respectively) if c =
c(x, y) is a non-positive (nonnegative, respectively) function. The stretch curvature of the Finsler metric F over the
curvatureM is said to be relatively isotropic if c = c(x) is a scalar function overM . F is of the relatively constant
stretch curvature if c is a constant real number.
Example 1.8. The metric F is called R-square if Rj
i
kl.m
= 0. If we multiply the second identity of lemma 1.7 to yi,
we get
Σjmkl = yiRj
i
kl.m
.
As a result, every Finsler R-square metric is a metric with zero stretch curvature.
3
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Example 1.9. Let
Fa(x, y) :=
√
|y|2 − (|x|2|y|2 − 〈x, y〉2)
1− |x|2
+
〈x, y〉
1− |x|2
+
〈a, y〉
1− |x|2
, y ∈ TxB
n ∼ Rn,
where a ∈ R is a fixed vector and |a| < 1. For every a 6= 0, it is easy to see that Fa is locally flat with a negative
constant flag curvature. F is a relatively constant stretch metric with c = −1.
By taking horizontal covariant derivative from of mean Cartan torsion tensor I along the geodesics, the mean Lands-
berg tensor Jy(u) = Ji(y)ui is obtained, where Ji := Ii|sys. The mean Landsberg curvature can be obtained from
Ji := g
klLikl, too. A Finsler metric is a weak Landsberg if J = 0.
For every Finsler metric (M,F ), an overall vector field G is defined by F over TM0, which can be expressed in the
local coordinates (xi, yi) for TM0 and is called the spray obtained from the metric F :
G(y) = yi
∂
∂xi
− 2Gi(x, y)
∂
∂yi
,
in which, Gi are local functions over TM0, shown as below
Gi(x, y) :=
1
4
gil
{
∂2F 2
∂xk∂yl
yk −
∂F 2
∂xl
}
.
For the tangent vector y ∈ TM0
By : TxM ⊗ TxM ⊗ TxM → TxM
By(u, v, w) = B
i
jkl(y)u
ivkwl
∂
∂xi
|x,
and
Ey : TxM ⊗ TxM → R
Ey(u, v) = Ejk(y)u
jvk,
are called the Berwald curvature and the mean Berwald curvature, respectively, where
Bijkl(y) :=
∂3Gi
∂yj∂yk∂yl
(y), Ejk(y) :=
1
2
Bj
m
km
(y)
F is called Berwald and weak Berwald is B = 0 and E = 0, respectively.
The Riemannian CurvatureRy = Rik(y)dxk ⊗
∂
∂xi
: TxM → TxM is a family of linear mappings on tangent space
defined as follows
Rik = 2
∂Gi
∂xk
− yi
∂2Gi
∂xj∂yk
+ 2Gi
∂2Gi
∂yj∂yk
−
∂Gi
∂xj
∂Gj
∂xk
.
Also for the Riemannian curvature, the following relation is hold [10]
Rj
i
kl
=
1
3
(Rik.l −R
i
l.k).j . (1.1)
A flag curvature in Finsler geometry is an extension of shear curvature in Riemannian geometry first introduced by
Browald [3].
For a flag P = span{y, u} ⊂ TxM with a bar y, the flag curvature is defined as follows
K(P, y) :=
gy(u,Ry(u))
gy(y, y)gy(u, u)− gy(u, v)2
.
The Finsler metric F is said to be of the scalar curvature if for every y ∈ TxM , the flag curvatureK = K(x, y) is a
scalar function over tangent bundle cut TM0. IfK is constant, then F is called a metric with constant curvature.
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2 Stretch curvature of Finsler metrics
In this section, we prove the main theorems and some of their corollaries.
Proof of Theorem 1.1. Suppose p is a point over a manifoldM , and y, u, v, w ∈ TpM , and σ : (−∞,+∞) → M is
the geodesic that passes through the point p with a unit velocity such that
dσ
dt
(0) = y.
U(t), V (t) andW (t) are parallel vector fields along σ such that U(0) = u, V (0) = v andW (0) = w. Then, we put
L(t) = Lσ˙(U(t), V (t),W (t)),
L′(t) = L′σ˙(U(t), V (t),W (t)).
However, the Finsler manifold (M,F ) has a relatively non-negative (non-positive, respectively) stretch curvature or is
constant. Given the definition and by multiplying the stretch tensor in yl, it is easy to obtain:
Lijk|ly
l = cFLijk,
where c := c(x, y) is a nonnegative (non-positive, respectively) homogeneous function over TM0 or c is a constant.
First suppose c := c(x, y) is a nonnegative (non-positive, respectively) function over TM0. By putting ϕ(x, y) :=
LijkLijk, we have
ϕ˙ = ϕ|my
m = 2girgjsgktLrstLijk|my
m
= 2LijkLijk|my
m = 2cFϕ (2.1)
due to F and ϕ have positive values, if c is nonnegative (non-positive, respectively), then ϕ˙ will be nonnegative
(non-positive, respectively).
According to Theorem 1.5 we have
ϕ˙(y) = ϕ|my
m = ξ(ϕ) = div(ϕξ).
Note that ξ = yi
δ
δxi
is a geodesic vector field over the unit bundle SM and div(ξ) = 0 [13].
SinceM is compact, so SM is compact, too. Also, the volume form ωSM over the spherical bundle SM is obtained
from volume form ω overM [1].
According to Theorem 1.6 we have ∫
SM
ϕ˙ωSM = 0.
Since ϕ˙ is a homogeneous function and its sign is always nonnegative (non-positive, respectively), then ϕ˙ = 0.
Therefore according to (2.1), it results in ϕ = 0 or c = 0. If ϕ = 0, then Lijk = 0. If c = 0, then Σijkl = 0 and
therefore, L′(t) = Lijk|ly
l = 0, that is, L(t) = L(0). So Cartan torsion is equal to
C(t) = tL(0) + C(0),
that if t → ±∞, then the function will not be bounded, and this contradicts the compression ofM (as a result of the
bounded Cartan torsion). Therfore, L(0) = 0 and since compact manifolds are always complete, hence, L(t) = 0,
that is, the metric F , is a Landsberg metric. Thus, the first part of the theorem is proved.
Now, if c is a constant function, then again by multiplying the stretch tensor in yl, we get
Lijk|my
m = cFLijk.
The general answer to this equation is as follows.
L(t) = ectL(0).
By tending t to +∞ or −∞ in the above answer, the non-boundary of the Landsberg curvature is obtained which is
inconsistent with the assumption. So
L(t) = L(0) = 0.
Thus, the second part of Theorem 1.1 also is proved.
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Proof of Theorem 1.2. Suppose F is a stretch metric with a nonzero constant curvature λ over a manifoldM . So we
have
Rik = λ{F
2δik − y
iyk},
and so
Rj
i
kl
= λ{gjlδ
i
k − gjkδ
i
l}. (2.2)
Given (2.2) and the second identity of Lemma 1.7 we have
Σjmkl = yiRj
i
kl.m
= 2λ{Cjlmyk − Cjkmyl}. (2.3)
But F has a relative stretch curvature, that is
Σjmkl = 2(Ljmk|l − Ljml|k) = cF (Cjmk|l − Cjml|k). (2.4)
Therefore
2λ{Cjlmyk − Cjkmyl} = cF (Cjmk|l − Cjml|k).
By multiplying the expression by yl we have
Ljmk + 2
λ
c
FCjmk = 0. (2.5)
By multiplying (2.5) by gim we have
Jk + 2
λ
c
FIk = 0. (2.6)
On the other hand, F is a non-Riemannian (α, β)-metric with a dimension of n ≥ 3, meaning its Cartan tensor is
written as follows
Cljm =
p
(n+ 1)
(Ilhjm + Ijhlm + Imhjl) +
q
‖I‖2
IlIjIm, (2.7)
where equation p+ q = 1 is hold. Now, by taking the horizontal derivative |s from (2.7) and multiplying it by ys, we
have
Cjmk|0 = Ljmk =
p
n+ 1
Sjmk +
p′
n+ 1
Xjmk
+
1
‖I‖2
(
q′ −
2q
‖I‖2
IrJr
)
IjImIk +
q
‖I‖2
Tjmk,
(2.8)
where
Sjmk = Jjhmk + Jmhjk + Jkhjm,
Xjmk = Ijhmk + Imhjk + Ikhjm,
Tjmk = JjImIk + JmIjIk + JkImIj .
By substituting (2.6) in (2.8) and also using (2.5) and (2.7), we get
p′
n+ 1
Xjmk +
1
‖I‖2
q′IjImIk = 0.
By multiplying the above expression by IjIm, and using (2.6), we have
3‖I‖2p′Ik + (n+ 1)q
′Ik = 0. (2.9)
Given that F is non-Riemannian, we conclude that
3‖I‖2p′ + (n+ 1)q′ = 0. (2.10)
Since p + q = 1, then p′ + q′ = 0. By substituting it in (2.10), we get p′ = 0, that is, the characteristic scalar of the
metric F over Finsler geodesics is always constant.
Corollary 2.1. Every Finsler metric (n ≥ 3) with a nonzero constant flag curvature λ and a nonzero relative stretch
curvature (with ratio c) is Riemannian if and only if the equation 2cc′ + c2F + 4λF 6= 0 is hold where c′ := c|my
m.
6
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Proof. By multiplying (2.4) by yl we have
L′jmk =
c
2
FLjmk, (2.11)
where L′jmk := Ljmk|sy
s. By substituting (2.5) in (2.11), we have
L′jmk = −λF
2Cjmk. (2.12)
Also, by taking derivative of (2.5), we have
L′jmk =
2λF
c
(c′Cjmk − Ljmk) =
2λF
c
(
c′ +
2λF
c
)
Cjmk. (2.13)
By comparing (2.12) and (2.13), the proof completes.
Proof of Theorem 1.3. To prove this theorem, we use the Berwald frame. The Browald Frame is an essential tool
introduced by Berwald [4] for studying the 2-D Finsler manifolds.
For a 2-dimensional Finsler manifold (M,F ), a local field of perpendicular frames (ℓi,mi) is called a Berwald frame,
where ℓi = yi/F and mi are unit vectors given that ℓimi = 0 and ℓi = gijℓj . Considering the Berwald frame we
have:
Cijk = F
−1Imimjmk,
Bijkl = −
2I|1
I
Cjklℓ
i +
I2
3F
{hjkh
i
l + hjlh
i
k + hlkh
i
j}, (2.14)
where, I is a homogeneous function of zero degree called the principal scalar of metric F . By multiplying (2.14) by
yi we will have
Ljkl = µFCjkl, (2.15)
where, µ :=
I|1
I
. Hence, by taking horizontal derivative of (2.15), we have
Ljkl|s = µ|sFCjkl + µFCjkl|s. (2.16)
According to (2.16), the stretch Tensor is expressed as (2.17)
Σijkl = 2µF (Cijk|l − Cijl|k) + 2F (µ|lCijk − µ|kCijl). (2.17)
According to the assumption, F is of a constant relative stretch curvature
Σijkl = cF (Cijk|l − Cijl|k), (2.18)
where c is a scalar function over TM . By multiplying (2.17) and (2.18) by yl and comparing the obtained equations,
equation (2.19) is obtained:
cFLjkl = 2µFLjkl + 2Fµ
′Cjkl . (2.19)
Given (2.15), Equation (2.19) changes to (2.20).
(2µ′ + 2µ2F − cµF )Cjkl = 0. (2.20)
From (2.20), Theorem is proved.
Corollary 2.2. Every 2-dimensional complete and non-Riemannian stretch metric is a Landsberg metric.
Proof. Suppose that (2.20) is reduced to µ′+µ2F = 0. Let p be a point onM , y ∈ TpM and σ : (−∞,+∞)→M is
a geodesic passing through point p at a unit velocity such that
dσ
dt
(0) = y. Over the geodesic σ, the obtained equation
is written as µ′ + µ2 = 0. The answer to this differential equation is written as (2.21)
µ(t) =
µ(0)
tµ(0) + 1
. (2.21)
If t→ ±∞, then µ(t) = 0. By substituting it in (2.15), we can easily conclude that F is a Landsberg metric.
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